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449. A Molecular Theory of the Electro-optical Kerr Effect in
Liguids.
By A. D. BuckingHaM and R. E. Raas.

The classical statistical-mechanical theory of the electro-optical Kerr
constant is extended to include the effects of molecular interactions and of
the dependence of molecular polarizabilities on field strength. The resulting
formula is simple for molecules without permanent dipole moments for which
it is found that at all densities the molecular Kerr constant is expressible in
the form A + B/T, where 4 and B are constants characteristic of the
substance. Experiments suggest that at room temperature 4 is responsible
for about half of the observed Kerr constant of mesitylene. For pure polar
liquids, the Kerr constant reduces to an expression involving, inter al., the
static and high-frequency dielectric constants. The final equation depends
only on short-range effects, and for the Onsager model of a pure polar liquid
leads to a simple result which agrees quite well with experimental data. The
general result is applied to water, and Pople’s molecular model used to
compute the temperature dependence of its Kerr constant.

THE Langevin-Born theory of the electro-optical Kerr effect (double refraction induced in
an isotropic medium by an electric field) was recently extended ! to include contributions
resulting from the dependence of molecular polarizability on field strength. For spherically
symmetric molecules the observed Kerr constant is independent of temperature and
directly proportional to the ““ hyperpolarizability * describing the initial deviation from a
linear relation between dipole moment and field strength. However, this extended
Langevin-Born theory is strictly applicable only to perfect gases, whereas most of the
existing data refer to solutions or pure liquids.

Earlier attempts 2 to extend the simple-gas theory to assemblies of interacting molecules
have depended on assumptions inherent in various models. Recently a classical statistical-
mechanical theory was developed and this has been applied successfully to non-dipolar
substances 3 and to dilute solutions of polar molecules in non-polar solvents.? The present
paper aims to interpret observed Kerr constants, particularly those of pure polar liquids,
in terms of molecular properties. The general theory leads to an expression relating the
constant to the anisotropy in the polarizability and to the mean values of the scalar
products of vectors involving the mean dipole moments of a fixed molecule and its near
neighbours. The effects of molecular interactions are in part allowed for by relating the
Kerr constant to the actual dielectric constant of the medium.

GENERAL THEORY
The molecular Kerr constant ,K as defined by Otterbein 5 is

_ 6an . m—n;
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where #y and #n are the refractive indices of the specimen in the directions of the strong
static electric field E and at right angles to it, and # is the refractive index of the isotropic
medium for the same wavelength; Vp, is the molar volume and e the static dielectric
constant. Our discussion will be restricted to systems in which the strong electric field E
is uniform.

1 Buckingham and Pople, Proc. Phys. Soc., 1955, 68, 4, 905.

2 Raman and Krishnan, Proc. Roy. Soc., 1927, A, 117, 1; Oka, Proc. Phys.-Math. Soc. Japan (3),
19, 156; Piekara, Proc. Roy. Soc., 1939, 4, 172, 360; Klages, Z. Naturforsch., 1952, 7a, 669.

3 Buckingham, Proc. Phys. Soc., 1955, 88, 4, 910.

4 Buckingham, Trans. Faraday Soc., 1956, 52, 611.
5 Otterbein, Physikal. Z., 1934, 85, 249.
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In order to isolate the * external ™ electric field E, as the effective macroscopic local
field acting on a molecule, we shall consider a large spherical specimen of volume Vi
containing N (Avogadro’s number) similar molecules. If E, is the strength of the uniform
field at large distances from the sphere, then classical elecirostatics leads to the result
E =3E,/(c + 2) (see Stratton %), and eqn. (1) becomes

2V fm MR 9

il = 3(n® + 2)2 550 E,?

We shall suppose that the dipole moment m,® of the ¢-th molecule can be developed as
a power series in the electric field acting on it. Thus, small Greek letters being used as
tensor suffixes :

Mol® = 4® + ag® (Eog + Fp) + § Buty® (Eop + F5®)(Eoy + F,0) +
(1/6)yaprs®(Eop + F5®)Eoy + FO)Eq + F®) + . . (3)

where p,® is the permanent dipole moment of molecule z; w,g®, Beg,®, Vap,s®, etc., are the
polarizability tensors discussed by Buckingham and Pople; ! these are symmetric in all
suffixes. «,g® is the normal low-field strength polarizability tensor, and Beg,, Y48,:?, etc.,
describe the field dependence of the polarizability. F,® is the field at the centre of
molecule 7 due to the charge distributions of all of the others, and we shall assume that
F,®is constant throughout the molecule. The dipolar contribution to F,® is

N
F® = — 3 ey mgh
i%i

N1
= —j;i ;.;5 (f;jz Sa_g — 37’,;117’”3)”13(-7) . . . . . (4)

7. being the vector between the centres of molecules 7 and 4, and 8,4 the substitution tensor
(=1when a = B; = 0 when « # ).
The differential polarizability n,® of molecule 4 is defined as
omd

Ttac(f) = an = Wsa(i) . . . . . . . . (5)

= {2a6® + Bagy(Eoy + F>9) + Yra®(Eay +
FO)(Eq + Fs®) 4 .. . }{8 + OF®[0Ey ). . (6)

The effective molecular polarizability determining the refractivities in the directions of the
unit vectors el and el along and at right angles respectively to the strong field E; is mg®,
for they are proportional to the mean dipole moments induced in these directions by the
incremental high-frequency electric fields of the light waves. Thus

n[|2——1__n_L2——1__4nN—T-—
WFe  afre 8V, eER o (D)

where
D (7, Eg) = mag® (eleg! — egtegt) . . . . . . (8)

In our purely classical treatment, the continuous variable = represents the configuration of

¢ Stratton, “ Electromagnetic Theory,” McGraw-Hill Book Co., New York, 1941, § 3.24.
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the molecules of the specimen. The bar in eqn. (7) signifies an average over all configur-
ations, so that

[nof, ) exp { — Uls, Eg) /KT }d=
oG, E,) :

[ exp {—Uts, Eq) /T }ds

where Uf(r, Ey) is the potential energy of the system in the configuration + and when the
external field is E;,. The general relation

9)

U(s, Ey) = Ulz, 0) — [ M, E)eJdE . . . . . (10)
0

U(x, Ey)JOEy = —My(x, Eed . . . . . . (1)

leads to the result

N
where M,(r, E) = dm ® is the dipole moment of the whole spherical specimen when the
1

external field is E.
We shall employ the notation (X} for the average value of a quantity X(z, E;) in the
assembly with E, = 0, that is,

[ X(z,0) exp {—U(s, 0)/kT }dx

_ 12
“ /exp {“U("x 0)/"T}d1 "

From eqns. (2) and (7) 2rN (92 TIO(s, Ey)
k- 2 (—afog;o‘) B (13)

which with eqn. (9) leads to

5N RIO 1 (00U | .\ #U o (U >
mK BT “1?(2 3E, oF, T 1V5E ) g I (aE) (14)

whence, through eqn. (8),

_ 2T!N 821:13(1) a"aﬂ( )
wk =57 {an_—,,ana + kT (2 v

oM,
ans) +
k_lez - aB(l)M VMS}{ey"gs"(ga”gpﬂ — 3aJ.gBJ.)}> . (15)

In averaging (15), we shall use the result ! that when all directions of ell are equally
likely (as when E, is zero)

Coef(eed — extegt) > = (1/30){ —28us8,s + 38adps + duds,} - . (16)
so that (15) becomes
2N m, D 4 P oM,
=K =705 <2 JE0E9Ey T KT aEmaE TE0E 5 8 T kT {3"“3 3Eyg
oM
ru Sl 1 i 17 {3 MMy — ol MBMB}> (17)

Eqn. (17) is the complete classical statistical-mechanical formula for LK and is the
generalization of the perfect-gas result of Buckingham and Pople.!
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Theory for the microscopic scale.

(@) Non-polar Substances.—For molecules with centres of inversion, p, and B,g, are zero,
and to a good approximation eqn. (17) reduces to

K = i’(‘g 2 aaps® + Tz<3aap(1)aas‘°)“) - aaa(l)aﬁﬁ(oxi)>] .- (18)

where o) and 4D are polarizabilities for the frequency of the incident light, and a® is a
static field value ; «® may differ from « because of dispersion effects and atomic polarization,
However, the frequency dependence of ,K is normally very small. In eqn. (18) terms in
the cube of « and in ay have been omitted, but these are normally unimportant. It has
been shown 2 that eqn. (18) can be written in terms of the mean polarizabilities « = }e«g, and
«® in the form

oK =G5 [ 2red® + g 3 on® — 30 1

3 au® /[ (cosze,,—i)n,(r,m)drdm}]. . (9)

st=1

where «, and «,® are principal polarizabilities of a molecule in the oscillating and static
fields, 6, is the angle between the s-principal axis of molecule 1 and the ¢-principal axis of
another molecule whose position and orientation are represented by (r, ) relative to
molecule 1 fixed at the origin, and where 7,(r, w)drde is the probability of there being a
molecule in the volume element dr and orientational element dw. For dipolar forces, the
integral in eqn. (19) converges rapidly, there being no long-range contribution to
cos? 0 — 1.

It is shown on p. 2350 that the integral in eqn. (19) is only about 0-001 for water, so that
it is quite unimportant in this case. {cos? 6 — %) is in principle measurable through
light-scattering experiments,? or through observations of magnetic double refraction,® but
we shall assume that its contribution to ,K is negligible. Thus

wK =4 + B|T

9N
= N yeats® + (z . <0>—3m<0>)] L. (20

where A and B are molecular constants. Equation (20) is the perfect-gas result, so that
oK for non-polar molecules should be nearly independent of density; this result was
deduced earlier, and observations of the Kerr constants of non-polar substances over wide
pressure ranges support the conclusion.

The Langevin equation,® ,X = B/T, omits the induced anisotropy term (the one in y);
as many of the principal polarizabilities «, quoted in the literature are derived from this
incomplete equation, they must be viewed with reservation until the importance of the y
term has been experimentally determined for a variety of substances. The magnitude
of this term in the case of carbon disulphide may be obtained from Lyon and Wolfram’s
observations 10 of the temperature dependence of ,K in the liquid. The plot of ,K against
1/T shows that the y term, obtained by extrapolation to 1/T = 0, contributes about one
quarter of the room-temperature value of ,K (see Figure). Again, the temperature
dependence of K for mesitylene, measured by Grodde,!! shows that the y term is
responsible for approximately one half of the observed K at room temperature.

7 Benoit and Stockmayer, J. Phys. Radium, 1956, 17, 21.

8 Buckingham and Pople, Proc. Phys. Soc., 1956, 69, B, 1133.

® Langevin, Le Radium, 1910, 7, 249.

10 Lyon and Wolfram, Axn. Physik, 1920, 63, 739.
11 Grodde, Physikal. Z., 1938, 89, 772.
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In applying eqn. (20) we shall, following Le Févre and Le Févre,!? take «,0/a, =
oP/sP where pP and gP are the distortion and electronic polarizations respectively (this
assumption may sometimes be doubtful4). « is evaluated from 4nNa/3 = gP.

For molecules that are symmetric about the 1-axis, eqn. (20) becomes

2nN 9
mK::Z%g 27a¢35+2—,c7~§(°‘1—“)2] R )

The results of calculations on data for carbon disulphide and mesitylene are shown in
Table 1.

TABLE 1. Principal polarizabilities.

Carbon disulphide Mesitylene
‘Calc. with Calc. with " Calc. with Calc. with
oK = oK = Previous nK = nK = Previous
Principal polarizabilities A + B|T B|T values A + BT B|T values
102, (cm.3) .oeicvveniiinennnnne. 12-1 12:6 13-9¢ 12-8 11-6 12-5%
10%4e, = o3 (cmM.3) ..evvnvennnnnen 6-04 5-83 5-10 ¢ 16-9 17-5 17-0%
1036y = 10%®y,500/5 (e.s.u.) 54-4 0 — 85-2 )} —

¢ Landolt-Bérnstein Tabellen, 1951, 3, 514, 515. ? Le Févre and Le Févre, Rev. Pure Appl.
Chem. (Australia), 1955, 5, 261.

We have used, for carbon disulphide, pP = 22:7 cm.® and gP = 20-3 cm.3, and, for
mesitylene, pP = 414 cm.3 and gP = 39-2 cm 2 (ref. a, Table 1).

401

A, Carbon disulphide.
B, Mesitylene.

Broken and full lines relate
respectively to the exclusion
and inclusion of the tem-
perature-independent con-
tribution to mK.

K(es.u.)

12
04

The agreement between the «, values of Le Févre and Le Févre (ref. b, Table 1) and
those found by us for mesitylene, using Grodde’s data,!! may be fortuitous, since the
former were obtained through the application of the Langevin equation to dilute-solution
measurements. However, y should be as important in solutions as in a gas or pure liquid.

It may be noted that the graphs of ,K against 1/T for carbon disulphide and
mesitylene are approximately linear, providing further justification for our neglect of
{cos? 6 — %) in the derivation of eqn. (20).

(b) Polar Substances.—For polar substances, the final term in eqn. (17) will be
important; in it we shall approximate =g by «ap. By expressing «qg in terms of the
principal components «;, a,, a; we find

8
<3uaﬂ(1)MaMp — ctM<1>Mz> - 3<; s M2 — aM2> L@
=1

If the molecule is symmetric about the 1-axis, then (M,2) = (M,%)>; we shall suppose
that this relation is also true for assemblies of molecules whose permanent moments lie

12 Te Févre and Le Févre, J., 1953, 4041.
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along the principal axes of their polarizability ellipsoids, despite the possibility that «y may
not be equal to a;. Thus

,gl“’Msz - mzv.r2> = (3/2)(oy — ) My? — §M2> — (3/2)(0s — 9)f (23)

We shall evaluate f (=<(M,2—iM?)) by putting M =3 m® and M, =
(/) 3 p® - m®. Thus '
T

___]‘_ 4e! )gp (1 2m(i N ls 1 DL — LZ2mb.
f~uz§\u”'mou“-M—%um<"M/+;2§ <u<>-mo>p<>-M Ju2mu M>(24)

where 3’ is a summation over molecule ¢ and all those in short-range interaction with it
(that is, those within a small macroscopic sphere centred on molecule 1), and = implies a
sum over the remainder of the molecules. On writing m® = p® 4 m®and M’ = z m'®,

and neglecting terms proportional to (#’)? [that is, those of 0(«2)], we obtain from eqn. (24)

G A e R
+ 52 ;, {p,(l) - pDpd — %uzv.(”} . {M'—l— M'}> . (25)

To evaluate {u® . (M 4 M’)> we must know the mean value of (M + M’) when p®
is fixed, and, for terms of the type {(p® . p®)(p®.(M 4 M’))>, the mean value of
(M 4 M’) when p® and p® are fixed. The problems involved are similar to those found
in the general theory of the static dielectric constant ¢, where {p® - (M 4 M’)> occurs.13
The essential step is the replacement of the medium outside a sphere enclosing the fixed
molecules and those in short-range interaction with them, by a continuum having the bulk
properties of the specimen. Then, if m,;, (= (3’ m®),y.) is the mean dipole moment of this

13
small macroscopic sphere, the average value of M is given by
9e
et D+

3(2e + )
@t (e, ) ™ e

and that of M’ by

where P,y (= (Z' P®)ay.) is the mean “ permanent ”” moment of the small sphere, and ¢, the
1

high-frequency dielectric constant. Thus the mean of (M 4 M’) is

6(c% + 5e 4 2ecy, + £4)

M+ Mo = e DT B F )™ B 20

With this result, the complete formula for f becomes

2+ 5 2
f= %[ 2: : Ze—:_ ; eww—:_ E°§ poom—p- p-]-i— ; <{p.(1) pOR®
6(32+5e+2€€°°+e ): b— > 1 ”<
— Rty Sy mAD — pdd = ® . g Hp®
dew } {(2e+1>(=+2)(=w+2)"‘ z } + a3 {p o

-} (SR - g e

13 Buckingham, Proc. Roy. Soc., 1956, 4, 288, 235.
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where m(9 and :(1'7 are the mean total and *“ permanent ”’ moments of a small macroscopic
sphere surrounding the fixed molecules 1 and ¢ when these are in short range interaction

with each other; m® and p refer to the average moments of the small sphere when
molecule 7 only is fixed. Since 13

3(e — eq 47N [6(? + be 4 2ee, + €) -
(e 4+ 2)(ey + 2) gkrv<M2> 9kTV{ TOEF Qtw p, m—- p,} (28)

eqn. (27) becomes
_ 2(e—g,) 9KTV -
= T 0L ¥ D) &N {1 + 3 eos eu”>}

1 5 G 1Y\ 01 W 6(€2+5€+2°°w+3w)=1i_=(10\
+ p.z .2951 <{p.(1) p.(')p.( ) g.y‘Zp‘( } {(25 T l)(e T 2)(300 T 2) mid m / (29)

Now

3 oos 60 = 5-2<p.<1> (MM — )

_ 6(c — 1)(c — ) p.-_rFl
ST EFIE I D) @ o 80

so that the general microscopic expression for fis

fe (e — €u) 9kTV{ (e —1)(e— 5, p.a}
(e + 2)(s + 2) 2rN 2+ 1)(c + 2)(ep +2) 12

1l «, 6(c% + 5e 4 2ee, + €)= AN
— D). nOpdD — L2y®dy . 19) __ (1i)
+ u2(§1<{“ BORD — du } {(2e+ Ot et 2" ¥ }/ 81)

For polar substances, eqn. (17) can be expressed approximately in the form

2=N 9e —
wk =705 [27”33 TR @ F (e F2) et

o 9
(3000~ 300) 4 e -] . @)
where f is related to microscopic quantities by eqn. (31).

Application to Polar Substances—We shall use Onsager’s model 1 of a polar liquid to
evaluate eqn. (32). As this model represents the immediate surroundings of a molecule by
a continuum of dielectric constant e it excludes all short range orientational forces. We
may therefore neglect the second term of fin eqn. (31). Also, for this model

_ e+ Do+ 2)
__,3_(2;(:;‘0_)_.......(33)

so that eqn. (31) becomes
271kTV e(e — zy)

S =N Ty (34)
The Kerr constant may now be written as
2N e(e, 1+ 2) -
nK =208 2yangp + kT(—e_—lm Baapup +
9
(,Zl“‘“ © _ 3aa(°)) + Ty 1 u)f:' .. (35)

14 Onsager, J. Amer. Chem. Soc., 1936, 58, 1486.
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If we ignore the 8 and y terms, and in the absence of reliable information about their
magnitudes it is difficult to do otherwise, eqn. (35) reduces to

2=N [ 3 3
oK = i—ggicT [azla,a‘(o) — J0a® KT (o0y — ) f:l . . . (36)

For evaluating K at different temperatures through eqn. (36), we used eqn. (34), and
in addition supposed that

3
Zlat,a,(o) — 300® = ${xy — a) (@, @ — @) . . . . . (37

s 5
which is precise for axially symmetric molecules. It is in principle possible to determine
3
(¢ — «) and " a,a® — 3xa® in the general case through the constant for the gas K, and
s=1

the dilute-solution value ,(nKj), but this procedure is unnecessary, as the use of eqn. (37),
together with the assumption that «(® = «,, does not significantly affect the results; this
is because both of these simplifications influence only the term of 0(«2) in eqn. (36).

We used the solution results to calculate (x, — «) from

oK = o (2 — o) [(m1 — o) + i{T] S . (39
and ¢
fBoln. = (2/ 3) m{"'zsoln. e e e e e e e (39)

(see Table 2).  usqn. is the apparent dipole moment of a polar solute molecule in a non-
polar solvent at infinite dilution. We then compared the values of ,K,, calculated from

TaBLE 2. Calculations of (a; — o) from (mK,) in CCly at 20°.

“Fﬁwh 13
Substance w (D) T 1012 (,K,) (e.s.u.) 12 1024 (x; — a) (cm.3)
CHCly .evvviiniiininincnnns 1.02 1-1 —285 —1-58,
(CH4)3CO  ivvrininnnnne 2-89 0-90 101 0-78,
CeHg'NO; covvvvinnennnn 4-24 0-87 1073 3-94,
CeHCl  cevviniiininnnnen 1-73 0-83 145 3:16,

TaBLE 3. Calculations of K.
1013 L K, (e.s.u.) 1012 K,

(e.s.u.) 18
Substance Temp. (Calc.) (6bs.)
89-56° —~16-4 —16-96
83:1 76-0 69-47
235-6 413 4511
163-7 83-6 96-45

TABLE 4. Calculations of xKyg, for polar liquids.

1012 LKy, (e.su.) 1012 Ky, (e.su.) 12
(Calc.) (©

Substance Temp. bs.)
25° —16-9 —14-0
20 8:31 8-33
23 50-3 70-9
235 61-2 577

eqn. (38) with f,.s = 2p%/3, and Ky, calculated from eqns. (38) and (34), with the
experimental results (see Tables 3 and 4).
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The observed values of K are those of Stuart and Volkmann ; 1 the agreement shown
in Table 3 illustrates the consistency of the gas and the solution data, and justifies our
use of the simplifications discussed in the previous paragraph.

The- agreement in Table 4 between the calculated and observed values of LK for polar
liquids is satisfactory, for the unknown contributions of the B and y terms were neglected
and some of the approximations inherent in the Onsager model were used.

For highly polar anisotropic molecules, K, is dominated by the term proportional to
T-2. Hence for liquids consisting of molecules of this type, eqn. (38) yields

mKiiq. 3kT( %) + S81kTV e(e — ey)
oK, 2u2 4nNp? (= 4 2)%(2¢ 4 ¢)

(40)

Eqn. (40) can be put into a form similar to an expression deduced by Klages,? by means of
the assumption that p is related to ¢ by the Onsager relation

4nNp? (e — £,)(2e 4 &)

OKTV (e, + 2)2 (41)
The second term in eqn. (40) then becomes [('e_ff-:i—'—e()(ﬂ-i-——] which is Klages’s result.

Application to Water.—In applying the theory for polar substances to water, we shall
employ the Pople model 18 of the structure of water to evaluate the short-range interaction
terms in eqn. (31). In this model a water molecule influences, through hydrogen bonding,
its neighbours in the first three shells only, and these contain approximately 4, 11, and
22 molecules. Thus our macroscopic sphere containing all short-range effects consists
of a central molecule and its first three shells of neighbours.

& - m in eqn. (31) may be expressed through eqn. (28) in terms of g « &, which was eval-
uated by Pople.1®¢ We shall write

(_J._!_;Z_p. =g = zl:<cos 6(11')>_ . . . . . . . (42)

To evaluate the second term in eqn. (31), we use the Onsager result (33). This is
believed to be a good approximation for water.® Thus

, ; ’ 6(c? + Be + 2ee, + £) Ty S
>) <{““’ BORD — hp ’} ‘ {(2s FOEF T ¥ )}>

i£1

3e(e, + 2)

— (__m(me_w -;e1<p'(1) pOp® . g1 Ju2p® . (1¢)> . @3

and

R (p® - pOp®. B9 — 1u2p®. p,(h‘)> = “4-21 [§< cos e(u)> + <c052 1) — §>

t7el

+ > <cos (1) cos (1) — % cos 6<if)>:| N ¢ %))

j#1,1

‘%:'1 [§<cos 0(1‘)> + <0052 1) — %] =
5 z N(K)\cos Ox(12)> +K§1N(K)<c052 051D — §> . . (45)

where N0 is the number of molecules in the K-th shell, and 0!® is the angle between the
permanent dipoles of molecule 1 and molecule 2 in the K-th shell around 1.

18 Stuart and Volkmann, Ann. Physik, 1933, 18, 121.
1¢ Pople, Proc. Roy. Soc., 1951, A, 205, 163.

Now
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The averages in eqn. (45) have been evaluated for Pople’s model and are

2.
<cos 65(12)>=31‘K cos2k g l:l — kG—T] B .. . . (46)
B 3kT KT\ ]2
2 _(12) 4 5— 2 il
<cos 0, > [ coS COS ][ ( C ):'

+%|:1 2'C‘;T(1—'EZ)+3{ (1—"%)}] L@
<0052 02(12)> =} -<cos2 61(12)> + 3 (<0052 01(12)>) oL L @8
<0052 63(12)> = %(<c032 61(12)>)3 — % (<cos2 61(12)>) ® + 3¢ cos? 01(12)> + 1 49

where 8 is the observed value of the H-O-H angle, 105° (B is also the angle between the
lone-pair orbitals), and G is a temperature-dependent constant, chosen by Pople to give
agreement between the theoretical and experimental radial distribution functions.

For the approximate evaluation of {cos 69 cos 6N — } cos 6> in eqn. (44) we
shall consider only first neighbours of molecules 1 and 7. When molecule 5 belongs to
the same shell as ¢ (relative to molecule 1), then the last term of eqn. (44) vanishes. Thus
it can be shown that for this model

’ r 9(1d) g (1N — 1 1)) — ’ ’ e(‘-D>< 2 e(li) _ 50
1;1 j;‘i<cos cos 6¢ % cos > igl jg,l_<cos cos ‘}> (50)

where ¢ and j are summed over molecules in the first and second shells respectively.
The contribution at 0° ¢ to eqn. (44) of each of its terms is shown as follows :

Shell 1 Shell 2 Shell 3
N<K><cos Pl RS 1-201 0-330 0-067
NOcos* 0512 — 1> v 44 x 1073 2 x 1078 3 x 1077
7 4
cos 619 cos §1) — % cos D 5 x 1078 —
igﬁ:l ;;Z, < ¥ )

(We have used G/kT = 10, as found by Pople for 0°.)
We note that 2 (1) — d¥ cos 61D cos 6N — L cos 6@ > are
e note a[i§1<cos §>an z¢1,;g < 3 >

together less than 19, of § >’ <cos 6(1‘)> for water at 0°, and may therefore reasonably be
71

neglected. (Some further justification for our neglect of [ f (cos? 64 — 3)ny(r, 0)dr de in

the derivation of eqn. (20) is provided by these calculations for water.)
Thus eqn. (43) becomes

ot D s (. uou 500 — jusp 515>
2e(ew —+ 2) _
BECES [k s L huk B

Hence for water, eqn. (31) is given approximately by

__9KTV (e — =) . 6(c — 1)(e — g4) ®w-m
F = s [ e e e
2¢(e, + 2) _
+ (.-E-——f— 2)(2e + e) p¥(g—1)

(52)
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In the absence of data on hyperpolarizability, we shall approximate the expression for
the Kerr constant to
nN
mK=T(k-T)—2(a1——a)f B 1]
We have omitted terms in higher powers of the polarizability, but this should be reasonable
for water with its small value for «. From eqn. (53) we can predict the value of LK for

TABLE 5. Temperature dependence of wKg. for water.

Temp. Vi (cm.®) € €0 £ 1037 <M,2 — M2/3> (e.s.n.) mKe/nK,
0° 18-02 88-2 1-79, 2-60 —3.66, 1-000
25 18-07 78-5 1794 2-55 —371, 0-851
62 18-34 66-4 1-78, 2-49 —3-82,4 0-692
83 18-58 60-4 1-76, 2:46 —3-87, 0-621

water at a given temperature in terms of its value K, at 0°; the results are shown in
Table 5. We have taken ¢ to be 1-84 0. The ¢ values are those of Wyman and Ingalls,!7
and the g’s are Pople’s. Unfortunately there are at present no data to test our predictions.
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